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Modelos estáticos de formación de redes

Grafos
Grafos: Resultados Básicos

Introducción a la Teoŕıa de Redes1

Alvaro J. Riascos Villegas

Enero, 2014

1Basado en Jackson, M (2008). Social and Economic Networks. Princeton
University Press. Todas las figuras Jackson (2008).

Universidad de los Andes y Quantil Redes



Ejemplos de Redes
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Ejemplos de Redes: Matrimonios Familia Medici, Florencia
1400

Padgett, J.F y C.K. Ansell (1993). Robust action and the rise
of the Medici, 1400-1434.
Red de matrimonios entre familias (cada enlace representa un
matrimonio entre miembros de dos familias).

1.2. A SET OF EXAMPLES: 19

Figure 1.1: 15th Century Florentine Marriges Data from Padgett and Ansell [493]

(drawn using UCINET)

both greater wealth and more seats in the local legislature, and yet the Medici rose to

eclipse them. The key to understanding this, as Padgett and Ansell [493] detail, can

be seen in the network structure.

If we do a rough calculation of importance in the network, simply by counting how

many families a given family is linked to through marriages, then the Medici do come

out on top. However, they only edge out the next highest families, the Strozzi and the

Guadagni, by a ratio of 3 to 2. While this is suggestive, it is not so dramatic as to be

telling. We need to look a bit closer at the network structure to get a better handle on

a key to the success of the Medici. In particular, the following measure of betweenness

is illuminating.

Let P (ij) denote the number of shortest paths connecting family i to family j. 3

Let Pk(ij) denote the number of these paths that family k lies on. For instance, the

shortest path between the Barbadori and Guadagni has three links in it. There are

3Formal de�nitions of path and some other terms used in this chapter appear in Chapter 2. The

ideas should generally be clear, but the unsure reader can skip forward if they wish. Paths represent

the obvious thing: a series of links connecting one node to another.

Universidad de los Andes y Quantil Redes



Ejemplos de Redes: Matrimonios Familia Medici, Florencia
1400

Basados en la riqueza y poder poĺıtico es dif́ıcil explicar como
los Medici surgieron como una familia tan importante (la
familia Strozzi teńıa más riqueza y poder poĺıtico, sin embargo
fueron opacados por los Medici).

La estructura de relaciones puede ser un determinante.

Si comparamos con cuántas familias se encuentra una familia
espećıfica relacionada y comparamos entre ellas, los Medici
sobresalen (3 a 2).

Una relacion de cercania resulta más sugestiva.



Ejemplos de Redes: Matrimonios Familia Medici, Florencia
1400

Sea P(ij) el número de caminos más cortos que conectan una
familia i con j . Sea Pk(ij) el número de estos caminos que
incluyen a la familia k.

Por ejemplo si i =Barbadori, j =Guadagni, entonces
P(ij) = 2. Si k =Medici entonces Pk(ij) = 2 mientras que si
k = Strozzi o Albizzi Pk(ij) = 2 es cero o uno
respectivamente.

Si calculamos una medida de importancia (betweenness
Freeman) de cada familia k como:

∑
i ,j :i 6=j ,k∈{i ,j}

Pk (ij)
P(ij)

(n − 1)(n − 2)/2
(1)

donde Pk (ij)
P(ij) = 0 si no hay caminos entre i y j . El coeficiente

(n − 1)(n − 2)/2 es el número máximo de pares de familias
que incluiŕıan a la familia k .



Ejemplos de Redes: Familia Medici, Florencia 1400

Esta medida de poder para los Medici es 0.522. Esto significa
que los Medici están en más de la mitad de los caminos más
cortos entre todos los caminos más cortos entre cada par de
familias.

Este mismo cálculo para los Strozzi es 0.103. El segundo más
alto es los Guadagni que es 0.255.

En este sentido los Medici estaban mejor posicionados que
cualquier otra familia.

Esta estructura es endógena? Es ópima?



Ejemplos de Redes: Amistades y romances en estudiantes
secundaria

Datos de 90, 000 estuadiantes de la encuesta Add Health
entrevistados en los años 90.

A los estudiantes se les preguntaba con quién habian tenido
relaciones romanticas en los últimos seis meses.

22 CHAPTER 1. INTRODUCTION

students in one of the high schools in the study. The students were asked to list the

romantic liaisons that they had during the six months previous to the survey.

Figure 1.2: A Figure from Bearman, Moody and Stovel [47] based the Add Health Data

Set. A Link Denotes a Romantic Relationship, and the Numbers by Some Components

Indicate How Many Such Components Appear.

There are several things to remark about Figure 1.2. The network is nearly a

bipartite network, meaning that the nodes can be divide into two groups, male and

female, so that links only lie between groups (with a few exceptions). Despite its

nearly bipartite nature, the distribution of the degrees of the nodes (number of links

each node has) turns out to closely match a network where links are formed uniformly

at random (for details on this see Section 3.2.3), and we see a number of features of

large random networks. For example, we see a �giant component,� where over one

hundred of the students are connected via sequences of links in the network. The next

largest component (maximal set of students who are each linked to one another via

sequences of links) only has ten students in it. This component structure has important

implications for the di¤usion of disease, information, and behaviors, as discussed in

detail in Chapters 7, 8, and 9. Next, note that the network is quite �tree-like�in that

there are very few loops or cycles in the network. There is a very large cycle visible in



Ejemplos de Redes: Amistades y romances en estudiantes
secundaria

Grafo bipartito.

Una componente gigante (relevante para la difusión de
enfermedades, etc.).

Esta es una estructura similar a la que surge de una red que
se forma mediante enlaces i.i.d.



Ejemplos de Redes: Amistades y romances en estudiantes
secundaria

La siguiente red contrasta en varios aspectos con la anterior.
Se oberva la presencia de homofilia: El 52 % son blancos y el
85 % de sus relaciones de amistad son con blancos. Los
hispanos están má integrados pero son muchos menos.

24 CHAPTER 1. INTRODUCTION

Figure 1.3: �Add Health�Friendships among High School Students Coded by Race:

Hispanic=Black, White=White, Black=Grey, Asian and Other = Light Grey.

segregated by race, and this will impact the spread of information, learning, and the

speed with which things propagate through the network; themes that are explored in

detail in what follows.

1.2.3 Random Graphs and Networks

The examples of Florentine marriages and high school friendships suggest the need

for models of how and why networks form as they do. The last two examples in this

chapter illustrate two complementary approaches to modeling network formation.

The next example of network analysis comes from the graph-theoretic branch of
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Ejemplos de Redes: Formación aleatoria de redes

Modelo de Erdos - Renyi 1960.

Sea N = {1, ....n} un conjunto de nodos (vertices).

Suponga que la probabilidad de que se forme un enlace entre
i , j es p y que la formación de enlaces es independiente.2

Entonces la probabilidad de que se forme una red con m
enlaces es:

pm(1− p)(
n(n−1)

2
−m) (2)

Teniendo esta probabilidad se pueden calcular estad́ısticas
descriptivas. El grado de un nodo es el número de nodos con
los cuales tiene un enlace.

2Formalmente se puede pensar en una variable aleatoria con valores en un
espacio de matrices simétricas de ceros y unos.
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Ejemplos de Redes: Formación aleatoria de redes

La probabilidad de que un nodo i tenga exactamente d
enlaces es:

comb(n − 1, d)pd(1− p)n−1−d (3)

Cuando n es grande y p es pequeño esta expresión se puede
aproximar por una distribución de Poisson (en ocasiones el
modelo binomial independiente lleva este nombre - modelo de
Poisson).

e(n−1)p((n − 1)p)d

d!
(4)



Ejemplos de Redes: Formación aleatoria de redes

Las siguientes figuras muestran una red generada usando el
modelo binomial (n = 50, p = 0,02, lo cual implica que el
valor esperado del grado de un nodo es 1).

Caracteŕısticas sobresalientes de grafos generados de esta
forma: la probabilidad de ćıclos es baja y existe una
componente conexa grande.

1.2. A SET OF EXAMPLES: 27

Figure 1.4: A Randomly Generated Network with Probability .02 on each Link

Given the approximation of the degree distribution by a Poisson distribution, the

class of random graphs where each link is formed independently with an identical

probability is often referred to as the class of Poisson random networks, and I will use

this terminology in what follows.

To provide a better feeling for the structure of such networks, I generated a couple

of Poisson random networks for di¤erent p�s. I chose n = 50 nodes as this produces a

network that is easy to visualize. Let us start with an expected degree of 1 for each

node. This is equivalent to setting p at roughly :02. Figure 1.4 pictures a network

generated with these parameters.15 This network exhibits a number of features that

are common to this range of p and n. First, we should expect some isolated nodes.

Based on the approximation of a Poisson distribution (1.4) with n = 50 and p = :02, we

should expect about 37.5 percent of the nodes to be isolated (i.e., have d = 0), which

is roughly 18 or 19 nodes. There are 19 isolated nodes in the network, by chance.

Figure 1.5 compares the realized frequency distribution of degrees with the Poisson

approximation.

15The networks in Figures 1.4 and 1.6 were generated and drawn using the random network generator

in UCINET [90]. The nodes are arranged to make the links as easy as possible to distinguish.
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El siguiente gráfico compara la distribución muestral con la
aproximación de Poisson para la distribución binomial.

28 CHAPTER 1. INTRODUCTION

Figure 1.5: Frequency Distribution of a Randomly Generated Network and the Poisson

Approximation for a Probability of .02 on each Link



Ejemplos de Redes: Formación aleatoria de redes

Al aumentar la probabilidad de enlaces disminuyen las
componentes conexas (maximales), aumenta la componente
dominante y empeora la aproximación de Poisson al grado del
grafo.

30 CHAPTER 1. INTRODUCTION

Figure 1.6: A Randomly Generated Network with Probability .08 of each Link

4.2.2. If the average degree is substantially above log(n), then probability of having

any isolated nodes goes to 0, while if the average degree is substantially below log(n),

then the probability of having at least some isolated nodes goes to 1. In fact, as we

shall see in Theorem 4.2.1, this is the threshold such that if the average degree is

signi�cantly above this level then the network is path-connected with a probability

converging to 1 as n grows (so that any node can be reached from any other via a path

in the network), while below this level the network will consist of multiple components

with a probability going to 1.

Other properties of random networks are examined in much more detail in Chapter

4. While it is clear that completely random networks are not always a good approxi-

mation for real social and economic networks, the analysis above (and in Chapter 4)

shows us that much can be deduced in such models; and that there are some basic

patterns and structures that we will see emerging more generally. As we build more

realistic models, similar analyses can be conducted.
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1.2. A SET OF EXAMPLES: 31

Figure 1.7: Frequency Distribution of a Randomly Generated Network and the Poisson

Approximation for a Probability of .08 on each Link



Ejemplos de Redes: Formación estratégica de redes

Jackson y Wolinsky (1996). Intruducen el siguiente modelo de
conexiones simétricas.

Sea (N, g) una red (grafo) donde N es el conjunto jugadores
y g es una matriz simétrica de ceros y unos que representa la
red (gij = 1 si y solamente si existe un enlace entre el nodo
i , j).

La utilidad ui (g) que recibe un jugador i de una red g es:

ui (g) =
∑

j 6=i ,i j con un camino que los conecta en g

δlij (g) − di (g)c

donde δ ∈ (0, 1), lij(g) es el número de vértices en el camino
más corto ente i , j , di es el grado de i y c es una constante
que refleja el costo para un individuo de mantener un enlace.



Ejemplos de Redes: Formación estratégica de redes

Decimos que una red es eficiente si maximiza la suma de la
utilidad de todos los agentes.

Algunas observaciones: (1) Si el costo es muy bajo (inferior a
δ − δ2) el grafo óptimo es tener el máximo número de elaces.
Si el costo es mayor que ese umbral pero no muy grande, el
grafo óptimo es una estrella.

Teniendo esta caracterización como referente ahora podemos
preguntarnos cuál es el resultado de la interacción estratégica
de un conjunto de jugadores en una red.



Ejemplos de Redes: Formación estratégica de redes

Para esto necesitamos un concepto de equilibrio (una
teorá positiva del comportamiento).

Estabilidad por pares es: (1) Ningun agente puede beneficiarse
de romper con un enlace en el que está directamente
involucrado. (2) Ningun par de agentes puede beneficiarse
(almenos uno de ellos estrictamente) de crear un nuevo enlace.



Ejemplos de Redes: Formación estratégica de redes

Cuando el costo es bajo existe una única red estable por pares
que es la red que tiene el máximo número de enlaces.

Cuando el costo es mayor, la estrella es estable por pares pero
hay muchas más estructuras de redes que son eficientes. Por
ejmplo, cuatro jugadores conectados en un ćırculo puede ser
estable en el rango de costos en el que la estrella es estable y
eficiente.

Esto pone de manifiesto la posibilidad de que en equilibrio las
redes no necesariamente son eficientes.

Con costos aún mayores la estrella puede ser eficiente pero no
estable por pares.
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Grafos

Un grafo G = (N, g) donde N = {1, ...n} es un conjunto de
nodos y g es una matriz n × n.

gij = 1 si i , j estan relacionados por g .

Convenimos que gii = 0.

Un grafo es no dirigido (simplemente un grafo) si gij = gji .
Dirigido en caso contrario.

Gran cantidad de definiciones que describen caracteŕısticas de
los grafos son obvias: Caminata, camino, ciclo, geodésica,
grafo conexo, subgrafo, componente (subgrafo conexo
maximal), puente entre componentes (es un vertice que al
eliminarlo aumenta el número de componentes).

Universidad de los Andes y Quantil Redes
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Árboles, bosques, circulos, estrellas, red completa (todos lo
enlaces posibles están presentes).

Vecindario de un vertice (no incluye el mismo), grado de un
vertice, vecindarios de grado 2, etc.
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Tres distribuciones importantes del grado de un vertice son:
regular (todos los vertices tiene el mismo grado), Poisson y la
distribución invariante de escala (power law):

P(d) = cd−γ

donde c es una constante de normalización.

La razon de las probabilides de ciertos grados no depende de
la escala.

Tiene colas (en ambos lados) más gruesas que Poisson.
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FIGURE 2.8 Comparing a scale-free distribution to a Poisson distribution. 

Generally, given a degree distribution P , let 〈d〉P denote the expected value of 
d , and 〈d2〉P denote the expectation of the square of the degree, and so on. I often 
omit the P notation when P is fixed. 

Scale-free distributions have “fat tails.” That is, there tend to be many more 
nodes with very small and very large degrees than one would see if the links were 
formed completely independently so that degree followed a Poisson distribution. 
We can see this comparison in Figure 2.8, which shows plots of these degree 
distributions when the average degree is 10. The figure compares the Poisson 
degree distribution from (1.4) with the scale-free distribution from (2.2). 

The fatter tail of the scale-free distribution is obvious in the lower tail (for lower 
degrees), while for higher degrees it is harder to see the differences. If we convert 
the plot to a log-log plot (i.e., log(frequency) versus log(degree) instead of the raw 
numbers), then the differences in the upper tail (for higher degrees) become more 
evident (Figure 2.9). 

Figure 2.9 points out another interesting aspect of scale-free distributions: they 
are linear when plotted on a log-log plot. That is, we can rewrite (2.2) by taking 
logs of both sides to obtain: 

log(f (d)) = log(c) − γ log(d). 

This form is useful when trying to estimate γ from data, as then a linear regression 
can be used. 
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FIGURE 2.9 Comparing a scale-free distribution to a Poisson distribution: log-log plot. 

2.2.2 Diameter and Average Path Length 

The distance between two nodes is the length of (number of links in) the shortest 
path or geodesic between them. If there is no path between the nodes, then the 
distance between them is infinite. This concept leads us to another important 
characteristic of a network: its diameter. The diameter of a network is the largest 
distance between any two nodes in the network.13 

To see how diameter can vary across networks with the same number of nodes 
and links, consider two different networks in which each node has on average two 
links, as in Figure 2.10. The first network is a circle, and the second is a tree. 
Even though both networks have approximately an average degree of 2, they are 
clearly very different in structure. The degree distribution reflects some aspect of 
the difference in that the circle is regular, so that every node has exactly two links, 
while in the binary tree almost half of the nodes have degree 3 and nearly half have 
degree 1 (the exception is the root node, which has degree 2). However, we need 
other measures to clearly distinguish these networks. For instance, the diameter of 

13. Related measures, working with cycles rather than paths, are the girth and circumference of 
a network. The girth is the length of the smallest cycle in a network (set to infinity if there are no 
cycles), and the circumference is the length of the largest cycle (set to 0 if there are no cycles). 
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La distancia entre dos nodos es el número de vertices de una
geodésica (cuando no hay un camino entre los nodos es
infinito).

El diametro es la mayor distancia entre cualquier par de
nodos. Girth es el la distancia del ciclo más corto en la red
(infinito si no hay ciclos). La circunferencia es la distancia del
ciclo más grande en la red (cero si no existen ciclos).
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FIGURE 2.10 Circle and tree. 

a circle of n nodes is either n/2 or  (n − 1)/2, while the diameter of a binary tree 
of n nodes is roughly 2 log2(n + 1) − 2.14 

The diameter is one measure of path length, but it only provides an upper bound. 
Average path length (also referred to as characteristic path length) between nodes 
is another measure that captures related properties. The average is taken over 
geodesics, or shortest paths. Clearly, the average path length is bounded above 
by the diameter; in some cases it can be much shorter than the diameter. Thus, it 
is often useful to see whether the diameter is being determined by a few outliers 
(literally), or whether it is of the same order as the average geodesic. 

Many networks are not fully connected and may consist of a number of separate 
components. In such cases, one often reports the diameter and average path length 
in the largest component, being careful to specify whether that component is a 
giant component (containing a nontrivial fraction of the networks nodes).15 

Recalling that raising the adjacency matrix g to a power k provides as its ij th 
entry the number of walks of length k between nodes i and j , we can easily 
calculate shortest path lengths. That is, the shortest path length between nodes 
i and j can be found by finding the smallest � such that the ij th entry g� is 
positive: that entry is the number of shortest paths between those nodes. The 
same calculation provides shortest directed paths in the case of directed networks. 

14. This measurement holds precisely if there is an integer K such that n = 2K − 1 in the case 
of a binary tree. 
15. There is a way to circumvent these problems. As Newman [503] suggests, the measure 

n(n + 1)∑ 1 
, 

2 ij �(i,j,g) 

where �(i, j, g)  is the length of the shortest path between i and j in g and is set to infinity if the 
nodes are not connected. This measure can be calculated regardless of component structure. So 
rather than averaging path lengths, one looks at the reciprocal of the average of the reciprocal 
path lengths. Taking the reciprocal twice leads to something similar to averaging path lengths 
directly, but working with the reciprocals eliminates the influence of infinite path lengths. 
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Medidas de cohesion: Un clique Es una sub red completa
maximal. 34 Chapter 2 Representing and Measuring Networks 

1 4 41 

2 3 2 3 2 3 

FIGURE 2.11 A network on four nodes and its two cliques. 

Calculating shortest path lengths for all pairs of nodes, through successive powers 
of the adjacency matrix g, then provides a basic method of calculating diameter. 
There are more computationally efficient algorithms for calculating or estimating 
diameter,16 and most network software programs include such calculations as built-
in features. 

2.2.3 Cliquishness, Cohesiveness, and Clustering 

One fascinating and important aspect of social networks is how tightly clustered 
they are. For example, the extent to which my friends are friends with one another 
captures one facet of this clustering. There are a variety of concepts that measure 
how cohesive or closely knit a network is. 

An early concept related to this is the idea of a clique. A clique is a maximal 
completely connected subnetwork of a given network.17 That is, if some set of 
nodes S ⊂ N are such that g|S is the complete network on the nodes S, and for 
any i ∈ N \ S g|S∪{i} is not complete, then the nodes S are said to form a clique.18 

Cliques are generally required to contain at least three nodes; otherwise each link 
could potentially define a clique of two nodes. Note that a given node can be part 
of several cliques at once. For example, in Figure 2.11 both nodes 2 and 3 are in 
two different cliques. 

One measure of cliquishness is to count the number and size of the cliques 
in a network. One difficulty with this measure is that removing one link from a 
large clique can change the clique structure completely. For instance, removing 
one link from a complete network among four nodes changes the clique structure 
from having one clique involving four nodes to two cliques of three nodes. More 
generally, the clique structure is very sensitive to slight changes in a network. 

16. For instance, there are more efficient ways of calculating powers of g when it is diagonal­
izable (see Section 2.4.1). Computational efficiency can be important when n is large. 
17. Note the distinction between a clique and a component. A clique must be completely 
connected and not be a strict subset of any subnetwork that is completely connected, while a 
component must be path-connected and not be a strict subset of any subnetwork that is path-
connected. Neither implies the other. 
18. An early definition of this is from Luce and Perry [443]. 



Grafos: Aglomeración

Medir el número y tamaño de cliques es valioso pero muy
sensible a cambios pequeños en la red.

La medida más común es: Mira todos los nodos con por lo
menos dos vecinos (i.e., j , k) y calcular qué tan frecuente
existe un enlace entre los vecinos (i.e., un enlace entre j , k).
La medida de aglomeración (global) Cl(g) se define como:

Cl(g) =

∑
i{jk ∈ g : k 6= j ; k, j ∈ Ni (g)}∑

i{jk : k 6= j ; k, j ∈ Ni (g)}
(5)

Una medida análoga se puede definir (localmente) para cada
nodo (no sumar sobre todos los nodos en el denominador).

La aglomeración promedio se obtiene de promediar la
agoleración por nodo y es distinto al concepto de
aglomeración global.
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Las medidas de centralidad se pueden clasificar en:
1 Grado (di (g)/(n − 1)).
2 Distancia

∑
j 6=i δ

l(i,j), donde δ ∈ (0, 1).
3 Importancia (betweenness).
4 Caracteŕısticas de los vecinos (prestigio, poder).

El grado no es una buena medida de centralidad.38 Chapter 2 Representing and Measuring Networks 
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FIGURE 2.13 A central node with low degree centrality. 

3. betweenness—how important a node is in terms of connecting other nodes; 
and 

4. neighbors’ characteristics—how important, central, or influential a node’s 
neighbors are. 

Given how different these notions are, even without looking at formal definitions it 
is easy to see that they capture complementary aspects of a node’s position, and any 
particular measure will be better suited for some applications and less appropriate 
for others. Let me discuss some of the more standard definitions of each type. 

Degree Centrality Perhaps the simplest measure of the position of a given node 
in a network is simply to keep track of its degree. A node with degree n − 1 would 
be directly connected to all other nodes, and hence quite central to the network. 
A node connected to only two other nodes (for large n) would be, at least in one 
sense, less central. The degree centrality of a node is simply di(g)/(n − 1), so that 
it ranges from 0 to 1 and indicates how well a node is connected in terms of direct 
connections. 

Of course, degree centrality clearly misses many of the interesting aspects of a 
network. In particular, it does not measure how well located a node is in a network. 
It might be that a node has relatively few links, but lies in a critical location 
in the network. For many applications a centrality measure that is sensitive to a 
node’s influence or marginal contribution to the network is important. For example, 
consider the network in Figure 2.13. 

In this network the degree of nodes 3 and 5 are three, and the degree of node 4 
is only two. Arguably, node 4 is at least as central as nodes 3 and 5, and far more 
central than the other nodes that each have two links (nodes 1, 2, 6, and 7). There are 
several senses in which we see a powerful or central role for node 4. If one deletes 
node 4, the component structure of the network changes. This change might be 
very important for applications involving information transmission, where node 
4 is critical to path-connecting nodes 1 and 7. This aspect would be picked up 
by a measure such as betweenness. We also see that node 4 is relatively close to 
all other nodes in that it is at most two links away from any other node, whereas 
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Caracteŕısticas de los vecinos: La idea fundamental es que la
importancia de un nodo depende de la importancia de sus
vecinos.

El prestigio de Katz se define como:

PK
i (g) =

∑
j 6=i

gij
PK
j (g)

dj(g)
(6)

Sea ĝ(ij) =
g(ij)

dj (g)
. Entonces el prestigio de Katz se puede

escribir como:

PK (g) = ĝPK (g) (7)

Lo que se reduce a calcular el vector propio asociado al valor
propio 1.
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Bonacich propuso la siguiente variante (centralidad de
vectores propios). La centralidad de un nodo C e

i (g) es
proporccional a la suma de la centralidad de los nodos vecinos:

λC e
i (g) =

∑
j

gijC
e
j (g) (8)

donde λ es la constante de proporcionalidad.

Este problema se reduce a encontrar los valores propios y
vectores propios de g . La convención es usar el vector propio
correspondiete al mayor valor propio (cuando es positivo).
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En la siguiente tabla se muestra el resultado de aplicar las
diferentes medidas de centralidad al grafo anterior. 43 

2.3 

2.3 Appendix: Basic Graph Theory 

TABLE 2.1 
Centrality comparisons for Figure 2.13 

Measure of centrality Nodes 1, 2, 6, and 7 Nodes 3 and 5 Node 4 

Degree (and Katz prestige P K) .33 .50 .33 

Closeness .40 .55 .60 

Decay centrality (δ = .5) 1.5 2.0 2.0 

Decay centrality (δ = .75) 3.1 3.7 3.8 

Decay centrality (δ = .25) .59 .84 .75 

Betweenness .0 .53 .60 

Eigenvector centrality .47 .63 .54 

Katz prestige-2 P K2, a = 1/3 3.1 4.3 3.5 

Bonacich centrality b = 1/3, a = 1 9.4 13.0 11.0 

Bonacich centrality b = 1/4, a = 1 4.9 6.8 5.4 

and 7 for any δ, but the relative rankings of 3 and 5 relative to 4 depend on δ. With a 
lower δ the results resemble those for like-degree centrality and favor nodes 3 and 
5, while for higher δ they resemble those for closeness or betweenness and favor 
node 4. The eigenvector centralities and self-referential definitions of Bonacich 
and Katz prestige-2 all favor nodes 3 and 5, to varying extents. As b decreases the 
Bonacich favors closer connections and higher-degree nodes, while for higher b, 
longer paths become more important. 

These measures are certainly not the only measures of centrality, and it is clear 
from the above that the measures capture different aspects of the positioning of 
the nodes. Given how complex networks can be, it is not surprising that there are 
many different ways of viewing position, centrality, or power in a network. 

Appendix: Basic Graph Theory 

Here I present some basic results in graph theory that will be useful in subsequent 
chapters.30 

2.3.1 Hall’s Theorem and Bipartite Graphs 

A bipartite network (N, g) is one for which N can be partitioned into two sets A 

and B such that if a link ij is in g, then one of the nodes comes from A and the 
other comes from B. A bipartite network is pictured in Figure 2.14. Settings with 
two classes of nodes are often referred to as matching settings (and in some cases 
marriage markets), where one group is referred to as “women” and the other as 

30. Excellent texts on graph theory are Bollobás [85] and Diestel [200]. 



Ejemplos de Redes
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En esta parte discutimos:
1 Teorema de Hall y grafos bipartitos
2 Coberturas con conjuntos y conjuntos independientes
3 Colorear
4 Toros Eulerianos y Ciclos Hamiltonianos
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Teorema de Hall y grafos bipartitos

Un grafo bipartito es uno en el que los nodos se pueden
particionar en dos conjuntos tal que enlace del grafo tiene un
extremo en un conjunto y el otro extremo en otro conjunto.

Una interpretación de los grafos bipartitos es que representan
las potenciales relaciones que podŕıan darse entre los nodos.
El problema t́ıpico se puede plantear como: Si A,B es una
partición de un grafo bipartito y S ⊂ A decimos que
µ : S → B inyectiva es un emparejamiento relativo a al grafo
g si para todo i ∈ S , iµ(i) ∈ g .

Theorem (Hall)

Sea (N, g) un grafo bipartito con partición {A,B}. Existe un
emparejamiento de S ⊂ relativo a g si y solo si para todo S ′ ⊂ A,
Card(NS ′(g)) ≥ Card(S ′)

Universidad de los Andes y Quantil Redes
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Coberturas y conjuntos independientes

Un conjunto de nodos es independiente si entre ellos no existe
ningún enlace.

La propiedad de ser indpendiente se preserva cuando se pasa a
subgrupos. Sin embargo, para subgrafos propios simepre existe
un conjunto independiente (maximal) que no es independiente
(maximal) en la extensión.
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Colorear

Queremos colorear los nodos de tal forma que ningún enlace
relacione a dos nodos del mismo color. El ḿınimo número de
colores necesarios se llama el número cromático.

Aplicación: Un grafo donde los nodos son conferencistas y los
enlaces reflejan el deseo de los investigaodres estar en la
conferencia del otro. Los colores representarian diferentes
espacios horarios para las presentaciones. El número cromático
seŕıa el menor número de espacios para que no haya
interferencias.

Un problema famosos es el el problema de los cuatro colores
que es equivalente a que todo grafo planar tiene número
cromático menor o igual a 4.

Universidad de los Andes y Quantil Redes
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Un grafo que necesita cuatro colores.

47 2.3 Appendix: Basic Graph Theory 
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FIGURE 2.16 A planar network on six nodes with chromatic number 4. 
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FIGURE 2.17 Multigraph for the Königsberg bridge problem. 

a walk in the graph that contains each link in the graph exactly once and starts 
and ends at the same node.37 Such a closed walk is said to be an Eulerian tour or 
circuit. 

A walk is said to be closed if it starts and ends at the same node. It is clear that to 
have a closed walk that involves every link of a network exactly once, each node in 

37. The graph here is actually a multigraph, as there is more than one link between some pairs 
of nodes. The general problem of finding Eulerian tours can be stated in either context. 
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Toros Eulerianos y Ciclos Hamiltonianos

Un caminata cerrada que incluye cada enlace del grafo solo
una vez se llama Toro Euleriano o circuito.

Theorem

Una red conexa tiene un un circuito si y sólo si el grado de cada
nodo es par.

Universidad de los Andes y Quantil Redes
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A walk is said to be closed if it starts and ends at the same node. It is clear that to 
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37. The graph here is actually a multigraph, as there is more than one link between some pairs 
of nodes. The general problem of finding Eulerian tours can be stated in either context. 
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Una pregunta análoga es si es posible encontrar una caminata
cerrada en el que se visite cada nodo exactamente una vez
(debe ser un ciclo y se llama ciclo Hamiltoniano).

Existe un camino que involucre a cada nodo exactamente una
vez (camino Hamiltoniano)?

Theorem (Dirac)

Si la red tiene n ≥ 3 y cada nodo tiene grado por lo menos n
2

entonces la red tiene un ciclo Hamiltoniano.
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